Abstract. We show that the L 2 -torsion of finite aspherical CW-complexes with boundedly measure equivalent fundamental groups agrees up to a factor given by the index of the measure equivalence.
Introduction
In this article we investigate L 2 -torsion of finite aspherical CW-complexes and their behaviour concerning bounded measure equivalence of the fundamental groups. L 2 -torsion can be viewed as the L 2 -analogue of Reidemeister torsion. It is a kind of secondary L 2 -invariant, i.e. it is defined if the L 2 -Betti numbers (the L 2 -analogue of the classical Betti numbers) vanish, and gives more refined information. L 2 -Betti numbers turn out to behave well under quasi-isometry and measure equivalence as we will explain next. Let us denote by b (2) n (G) the n-th L 2 -Betti number of an aspherical CW-complex with fundamental group G.
Theorem (Pansu, [7, page 224], [11] ). Let G, H be quasi-isometric groups. Suppose that there exist finite aspherical CW-complexes with G resp. H as fundamental group. Then b (2) n (G) = 0 ⇐⇒ b (2) n (H) = 0.
In general, it is not true that there is a constant C > 0 such that b (2) n (G) = C · b (2) n (H) holds for all n ≥ 0. The next result is concerning measure equivalence of the fundamental groups.
Theorem (Gaboriau, [6] , [12] ). Let G, H be countable groups which are measure equivalent with index C. Then b (2) n (G) = C · b (2) n (H) holds for all n ≥ 0.
In view of both theorems above, the question comes to mind whether the statements remain true if one replaces the L 2 -Betti numbers by L 2 -torsion. If a group G has the properties that (1) there exists a finite aspherical CW-complex with fundamental group G,
b (2) n (G) = 0 for all n ≥ 0 and (3) G lies in a (large) class of groups G which we will introduce in Theorem 3.16 then we can define the L 2 -torsion ρ (2) (G) as the L 2 -torsion of a finite aspherical CW-complex with fundamental group G.
In [10, Conjecture 11 .30] Lück conjectures that ρ (2) (G) = 0 ⇐⇒ ρ (2) (H) = 0 holds if G and H are measure equivalent. The main result of this article is the following theorem. (2) n (G) = b (2) n (H) = 0 holds for all n ≥ 0. Then ρ (2) (G) = C · ρ (2) (H).
The notion "bounded measure equivalence" was first introduced by Roman Sauer. The main example of boundedly measure equivalent groups are uniform lattices (i.e. discrete cocompact subgroups) in a common locally compact, second countable Hausdorff group. Bounded measure equivalence implies measure equivalence as well as quasi-isometry. Amenable groups are boundedly measure equivalent if and only if they are quasi-isometric. Since the L 2 -Betti numbers of amenable groups vanish, we obtain the following corollary of the theorem above. Notice that it is conjectured that ρ (2) (G) vanishes if the group G is amenable.
Corollary 1.2. Let G, H be amenable, quasi-isometric groups such that there exist finite aspherical CW-complexes with G resp. H as fundamental group. Then
This article is organized as follows. In section 2 we give a short survey on (bounded) measure equivalence. We consider the related notion of (bounded) weak orbit equivalence for standard actions G X. We also study the crossed product rings L ∞ (X, C) * G and L ∞ (X, Z) * G for a standard action G X. Section 3 is a short introduction to L 2 -invariants for Hilbert N (H)-chain complexes for unital Hilbert algebras H. Our main example is given by H = L ∞ (X, C) * G. Section 4 is dedicated to an important technical result. We prove that all standard actions G X with G ∈ G are of det ≥ 1 -class (see Theorem 4.1). This result is of importance because it implies that L 2 -torsion is a homotopy invariance for finite free based L ∞ (X, Z) * G-chain complexes. The last section contains the proof of Theorem 1.1. The basic idea of the proof is to use the bounded weak orbit equivalence of standard action G X and H Y to obtain a relation between ρ (2) (G) and ρ (2) (H). There is an isomorphism of subrings of the crossed product rings L ∞ (X, Z) * G and L ∞ (Y, Z) * H. These subrings can be used to calculate ρ (2) (G) resp. ρ (2) (H). By a homotopy argument we can finally conclude ρ (2) (G) = C · ρ (2) (H) where C denotes the index of the measure equivalence.
(Bounded) Measure Equivalence
Definition 2.1. Two countable groups G and H are called measure equivalent if there exists a standard Borel space Ω with a non-zero Borel measure µ on which G and H act by measure-preserving Borel automorphisms such that the actions commute and possess measure fundamental domains X and Y of finite measure. They are called boundedly measure equivalent if there exists finite subsets G h ⊆ G and H g ⊆ H (h ∈ H, g ∈ G) satisfying (1) h · x ∈ G h · X for almost all x ∈ X and (2) g · y ∈ H g · Y for almost all y ∈ Y .
The index of the measure coupling (Ω, X, Y ) is the quotient
Example 2.2. Lattices in a common locally compact, second countable Hausdorff group are measure equivalent. Uniform lattices are boundedly measure equivalent.
Measure equivalence and bounded measure equivalence define an equivalence relations on countable groups.
The class of countable groups which are measure equivalent to Z consists precisely of all infinite amenable groups. Whereas a countable group is boundedly measure equivalent to Z if and only if it is a countable amenable groups which is quasi-isometric to Z. More general, amenable groups are boundedly measure equivalent if and only if they are quasi-isometric. Boundedly measure equivalent groups are always quasi-isometric. Detailed information about measure equivalence can be found for instance in [4] and [5] .
Measure equivalence is closely related to the notion of weak orbit equivalence which we explain next. Definition 2.3. An action G (X, µ) of a countable group G is called standard if X is a standard Borel space with probability measure µ, G acts by µ-preserving Borel-automorphism and the action is essentially free. Two standard actions G (X, µ X ) and H (Y, µ Y ) are called weakly orbit equivalent if there are Borel subsets A ⊆ X, B ⊆ Y meeting almost every orbit and a Borel isomorphism f : A → B which preserves the normalized measures on A resp. B and satisfies f (G · x ∩ A) = H · f (x) ∩ B for almost all x ∈ A. They are called boundedly weakly orbit equivalent if there exists finite subsets
The index of a weak orbit equivalence f : A → B is the quotient 
Here L ∞ (X, C) denotes the ring of equivalence classes of essentially bounded measurable functions X → C. The multiplication is given by
The crossed product ring L ∞ (X, Z) * G is defined analogously using the ring of equivalence classes of essentially bounded measurable functions X → Z.
denotes the orbit equivalence relation. Let i g be the map
We obtain an isomorphism
There is an analogous statement for integral (instead of complex) coefficients.
Since there is a natural
where M is any ZG-module, we conclude
For a measurable subset A ⊆ X we denote its characteristic function by χ A , i.e. χ A (x) = 1 if x ∈ A and 0 otherwise. The characteristic function induces an element
where e ∈ G denotes the unit element. We will often abbreviate χ A · e by χ A . Notice that
Remark 2.8. Let f : A → B be a bounded weak orbit equivalence between standard actions G (X, µ X ) and H (Y, µ Y ). It induces a ring isomorphism
which can be seen as follows. Using the identification
(compare Remark 2.6), the analogous identification for
We give an equivalent description of the ring isomorphism f * without using the identification above.
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The induced ring isomorphism f * is given by
Analogously, f induces a ring isomorphism
Lemma 2.9. Let G X be a standard action and A ⊆ X a measurable subset. There exist measurable subsets
Proof. Since G is countable, we can choose an surjection α : N → G. We define
The measurable subsets M i (i ∈ N) are disjoint and satisfy ∪ i∈N M i = X. We set
Now, suppose that there exists a finite subset G ′ ⊆ G satisfying µ X (G ′ · A) = 1. Then there exists a number n ∈ N such that G ′ ⊆ {1, 2, . . . , n}. This implies that µ X (A i ) = 0 for all i > n. Therefore, we obtain the isomorphism
Hilbert Algebras and L 2 -Invariants
In this subsection H will always be a unital Hilbert algebra. Recall that a Hilbert algebra is a C-algebra with involution and scalar product such that (1) x , y = y * , x * for all x, y ∈ H, (2) xy , z = y , x * z for all x, y, z ∈ H and (3) the map r x : H → H, h → hx is continuous for all x ∈ H. Example 3.1. Our main examples for unital Hilbert algebras are:
(1) The complex group ring CG. Recall that the involution and the scalar product on CG are given by
The crossed product ring L ∞ (X, C) * G for a standard action G X. The involution and the scalar product on L ∞ (X, C) * G are defined by
We denote the Hilbert space completion of H by l 2 (H). We use the abbreviations
Definition 3.2 (von Neumann algebra). We define the von Neumann algebra N (H) by the C-algebra with involution B(l
Notice that the Hilbert algebra H is contained in the associated von Neumann algebra N (H) via the identification h → r h * . We use the abbreviations 
H) be the positive operator given by the composition
Define the von Neumann trace of f by
where e ∈ H ⊂ l 2 (H) is the unit element. 
Example 3.6. Here are some examples of isometric *-homomorphism φ : H 1 → H 2 of unital Hilbert algebras where the assumption " r φ(h) ≤ r h for all h ∈ H 1 " is fulfilled:
Proof. We only give a proof for the example
This shows
and hence the assumption r φ(h) ≤ r h of Proposition 3.5 is fullfilled.
Definition 3.7 (von Neumann dimension). The von Neumann dimension of a Hilbert
We now consider Hilbert N (H)-chain complexes. A Hilbert N (H)-chain complex C * is a sequence indexed by n ∈ Z of morphisms of Hilbert N (H)-modules
Example 3.8. Let X be a finite CW-complex with fundamental group G. Then we obtain a Hilbert
, where C cell * (X) is the cellular chain complex of the universal covering of X. Notice that C (2) n (X) ∼ = ⊕ i∈In l 2 (G) where I n denotes the set of n-cells of the CW-complex X.
Definition 3.9 (L 2 -homology and L 2 -Betti numbers). We define the n-th (reduced)
We divide by the closure of the image to get the structure of a Hilbert N (H)-module on H (2) n (C * ).
Example 3.10. We want to take up the previous Example 3. 8 . We obtain the n-th L 2 -Betti number of a finite CW-complex X with fundamental group G by
The basic properties of these L 2 -Betti numbers (e.g. homotopy invariance) are described in [9, Theorem 1.35].
n (G)). Let G be a group with the property that there exist a finite aspherical CW-complex X having G as fundamental group. Then we define
n (G) is well-defined because of the homotopy invariance of the L 2 -Betti numbers.
Definition 3.12 (Spectral density function). Let f : U → V be a morphism of Hilbert N (H)-modules of finite dimension. Denote by E f * f λ : U → U | λ ∈ R the family of spectral projections of the positive endomorphism f * f . Define the spectral density function of f by
The spectral projections have the properties
The spectral density function is monotonous and right-continuous. It defines a measure on the Borel σ-algebra on R which is uniquely determined by
Definition 3.14 (Determinant). Let f : U → V be a morphism of Hilbert N (H)-modules of finite dimension. We define the determinant of f by
The main properties of this determinant are described in [9, Theorem 3.14] . We mention that the determinant is multiplicative for isomorphisms, i.e.
Let X be a finite CW-complex such that b (2) n (X) = 0 for all n ∈ Z. We would like to define ρ (2) (X) := ρ (2) (C (2) * (X)). The question we have to answer first is:
The proof of the next theorem can be found in [9, Theorem 13.3 (2)] or in the original version in [13] . (
In particular, we obtain det N (G) (c (2) n (X)) ≥ 1 if the fundamental group G of the CW-complex X lies in the class G. This class of groups is residually closed and closed under taking subgroups, forming direct and free products.
The proof of Theorem 3.16 is based on the following Approximation Lemma. Since we will need this Approximation Lemma later on, we state it here in a general version for unital Hilbert algebras. The proof is essentially the same as in the special case of group von Neumann algebras. Such a proof is given in [13, Section 6] and [9, Theorem 13.19 ].
Lemma 3.17 (Approximation Lemma). Let H, H i (i ∈ I) be unital Hilbert algebras with
be matrices with the following properties where ∆, ∆ i are defined as
The following lemma is often helpful to check the second condition in the Approximation Lemma above.
We end this section with some notes on homotopy invariance of the L 2 -torsion.
Then the mapping cone cone * (φ * ) is also a dimfinite Hilbert N (H)-chain complex with vanishing L 2 -Betti numbers and positive determinants of his differentials. Moreover, we obtain the equation
Proof. The proof is essentially the same as in the case of H a complex group ring. This statement is shown in [9, Theorem 3.35 (5)].
Let f : X → Y be a homotopy equivalence of finite CW-complexes. It induces a G-homotopy equivalenceF :X →Ỹ with G the fundamental group of X resp. Y . We obtain a chain mapf
n (Ỹ ) = 0 for all n. Then the proposition above tells us that
Notice that the Hilbert N (G)-chain complex cone * (f (2) * ) is given as
. Since the ZG-chain complex cone * (C cell * (f )) is acyclic, there exists a chain contraction δ * . The next lemma tells us how to compute ρ (2) (cone * (f (2) * )) using this chain contraction. 
Proof. A more general statement is proven in [9, Lemma 3.41].
Let us denote the differentials of the ZG-chain complex cone * (C cell * (f )) by c * and the induced differentials of the Hilbert N (G)-chain complex cone * (f (2) * ) by c (2) * . Then we obtain from the lemma above the equation
even is given by a a lower triangle matrix with 1 on the diagonal. Suppose that G is of det ≥ 1 -class. Since the determinant is multiplicative for isomorphisms, we conclude that any morphism of Hilbert N (G)-modules induced by a ZG-isomorphism has determinant 1. In particular, we obtain det N (G) ((c
This shows that the L 2 -torsion for finite CW-complexes is a homotopy invariance, provided that the fundamental group lies in the huge class G. Therefore, we can define Definition 3.21 (ρ (2) (G)). Let G be a group with the property that there exist a finite aspherical CW-complex X having G as fundamental group. Suppose that the group G lies in the class G and that b (2) n (G) = 0 holds for all n ∈ Z. Then we define ρ (2) (G) := ρ (2) (X).
Standard Actions of det ≥ 1 -Class
This section is devoted to the proof of
Notice that the class G was introduced in Remark 4.2. Since det N (G X) (r A ) = det N (G X) (r AA * ) it suffices to consider matrices A ∈ M (n × n; L ∞ (X, Z) * G) such that r A is positive to prove that a standard action G X is of det ≥ 1 -class.
At first we consider the case where G is the trivial group. Notice that Proof. At first, we want to show that the spectral density functions satisfy
There exists a unitary isomorphism u :
be the square roots of the (positive) maps on the diagonal. Then
Hence, it suffices to show
but this is obviously true because E g λ is the projection onto {x ∈ X g(x) ≤ λ} and E g(x) λ = 1 if g(x) ≤ λ and 0 otherwise. Now consider a matrix A ∈ M (m × n; L ∞ (X, Z)). We conclude
) is the square root of the product of all nonzero eigenvalues of A(x)A(x) * . Therefore it is the lowest nonzero coefficient in the characteristic polynomial of A(x)A(x) * . Since A(x)A(x) * has only integer coefficients, exp(
We finally obtain det N (1 X) (r A ) ≥ exp(0) = 1. 
is an isometric *-homomorphism of Hilbert algebras. From Proposition 3.5 and Example 3.6 we conclude that there exists a trace-preserving *-homomorphism of the associated von Neumann algebras Φ :
Since the spectral calculus is functorial for trace-preserving *-homomorphism of finite von Neumann algebras, we conclude 
(1) sets of finite diameter are finite and (2) for every R > 0, ǫ > 0 there exists a finite subset X ⊆ G/H satisfying |N R (X)| ≤ ǫ · |X| where
is the R-neighborhood of the boundary of X.
Every amenable homogeneous space G/H admits an amenable exhaustion i.e. there exists a nested sequence of finite subsets
For a proof we refer to [9, Lemma 13.40]. Let S be a transversal for H in G. We set S n := {s ∈ S sH ∈ X n } ⊆ G. Let p n ∈ B(L 2 (G X)) be the projection given by
We prove Theorem 4.5 using the Approximation Lemma 3.17.
. Since p n ≤ 1 holds for all n ∈ N, we conclude r An ≤ r A . It remains to show
d be the element whose components are zero except for the k-th entry, which is the unit element in
In the following, we use the abbreviation se k for (1 · s) · e k . Notice that
Fix s ∈ S n and k ∈ {1, 2, . . . , d}. Since p n (1 · s) = 1 · s and p n is selfadjoint, we obtain
Using the telescope sum
This implies
For R > 0 and γ ∈ G we define p R,γ to be the projection given by
Hence, d(gH, sH) < R implies gH ∈ X n . Therefore, the image of p R,s is contained in the image of p n for all s ∈ S n . Moreover, notice that p R,
This shows that the conditions of the Approximation Lemma are satisfied.
Proposition 4.6 (Directed Unions). Let {G i | i ∈ I} be a upwards directed system of subgroups with
is an isometric *-homomorphism of Hilbert algebras. From Proposition 3.5 and Example 3.6 we conclude that there exists a trace-preserving *-homomorphism of the associated von Neumann algebras
. Since the spectral calculus is functorial for trace-preserving *-homomorphism of finite von Neumann algebras, we conclude
Proposition 4.7 (Colimits). Let {G i | i ∈ I} be a directed system over the directed set I with colimit G := colim i∈I G i . We denote the structure maps by ψ i : G i → G for i ∈ I and φ i,j :
If the standard actions
Proof. Because of Proposition 4.6 it suffices to prove for any finitely generated subgroup H < G that the standard action H X is of det ≥ 1 -class. So, let H be a finitely generated subgroup of G. There exists i 0 ∈ I such that H ⊆ ψ i0 (G i0 ). We define H i := φ i0,i (ψ −1 (G i0 )). Then {H i | i ∈ I, i ≥ i 0 } is a directed system with colimit H := colim i∈I H i . Notice that the structure maps ψ i | Hi : H i → H for i ∈ I, i ≥ i 0 and φ i,j | Hi :
. We want to show det N (H X) (r A ) ≥ 1 using the Approximation Lemma 3.17. Choose a subset S i0 ⊆ H i0 with e ∈ S i0 such that the restriction ψ i0 | Si 0 : S i0 → H is bijective. We set
. Proposition 4.4 tells us that the standard actions H i X × X i are of det ≥ 1 -class for all i ∈ I, i ≥ i 0 . Using Lemma 3.18 we conclude
It remains to prove
for all m ∈ N. We have
where T is the finite subset of H given by
Analogously, we define the finite subset
Notice that φ i,j (T i ) ⊆ T j for i 0 ≤ i ≤ j and ψ i (T i ) ⊆ T for i ≥ i 0 . Since T i is finite, there exists j m ≥ i 0 such that for all i ≥ j m and all 2m-tupels (
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This implies lim i∈I tr N (Hi X×Xi) (r Proof. Since any finite group is amenable and because of Proposition 4.5 and Proposition 4.3, it suffices to consider infinite groups. Let G (X, µ X ) be a standard action with an infinite group G. Because of the G-invariance of the probability measure µ X it is non-atomic. Since any non-atomic standard probability space is isomorphic to the unit interval [0, 1] ⊂ R equipped with its Borel set and Lebesgue measure (see for instance [1, Remark "Non-atomic standard spaces" on page 3]), the standard action G g∈G X with the shift action of G is of det ≥ 1 -class. Consider the space of (equivalence classes modulo null functions of) measurable functions on Z :
It is a Hilbert space with scalar product
We denote this space by
. The main properties of T are:
Proposition 4.9 (Limits of Inverse Systems). Let {G i | i ∈ I} be an inverse system of groups over the directed set I with limit G := lim i∈I G i . If the standard actions
Proof. We denote the structure maps by ψ i : G → G i for i ∈ I and φ i,j :
The σ-algebra of Borel sets in g∈G [0, 1] is the σ-algebra S generated by
Let A be the algebra generated by B. Any set M ∈ A can be written as M = ∪ n k=1 M k with disjoint sets M k ∈ B. The sets M ∈ A have the property that there exists a finite subset F ⊆ G with M = pr
is the projection onto the components of F . We denote with F (M ) ⊆ G the smallest subset with this property. Notice that we can provide g∈G [0, 1] with different probability measures: the product measure µ G or the measure µ Gi • α
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M ∈ A we obtain µ Gi • α
We define the ring
and the crossed product ring R * G as the free R-module with G as R-basis where the multiplication is given by
with m g the shift induced by multiplication with g. We obtain ring homomorphisms
such that each entry of the matrix A lies in the image of β. We want to show det N (H X) (r A ) ≥ 1 using the Approximation Lemma 3.17.
Using Lemma 3.18 we conclude
As mentioned above we have µ Gi • α
On the other hand, we have
where the matrix
Since the subset
Hence, we obtain 
be an arbitrary matrix. We want to approximate A by matrices whose entries lie in the image of β. Using the fact that for any S ∈ S and any ǫ > 0 there exists a set M ∈ A with µ G (S△M ) < ǫ, we can construct matrices
We set
for all m ∈ N.
Let S ⊆ G be the finite subset given by
We define
n . By induction we obtain
From the Approximation Lemma 3.17 we conclude det N (G
Proposition 4.10 (Quotients with Finite Kernel
There is a projection P :
Hence, any v ∈ im(P ) defines a measurable mapv :
L 2 -Torsion of Boundedly Measure Equivalent Groups
This section is dedicated to the proof of 
We will give the proof in three steps:
Step: Passage from ZG to L ∞ (X, Z) * G. Let Z G resp. Z H be finite aspherical CW-complexes with G resp. H as fundamental group. Let f : A → B be a bounded weak orbit equivalence between standard actions G X and
Lemma 5.2. In the situation as described above, we obtain
Proof. Consider the obvious inclusion φ : CG → L ∞ (X, C) * G which is an isometric *-homomorphism of unital Hilbert algebras. We want to apply Proposition 3.5. We have seen in the proof to Example 3.6 that the assumption r φ(h) ≤ r h of Proposition 3.5 is fullfilled. We obtain a trace-preserving *-homomorphism of the associated von Neumann algebras Φ :
for all h ∈ N (G). Since the spectral calculus is functorial for trace-preserving *-homomorphism of finite von Neumann algebras, we conclude
2.
Step: Restriction. At next we want to consider the
Our aim is to assign to C(G) * a Hilbert N (G X| A )-chain complex and to calculate its L 2 -torsion. We can assign to a Hilbert
This passage is usually called restriction. We have
Notice that spectral calculus is compatible with restriction.
Let us return to the finite projective
(with I n the finite set of n-cells of Z G and I the finite index set of Lemma 2.9) are the images of the orthogonal projections of finite free based
This means that C(G) * is a finite projective based chain complex in the following sense.
where the differentials are induced by the differentials of the χ A · L ∞ (X, Z) * G · χ A -chain complex C * .
We set C(G) (2) * := L 2 (G X| A ) ⊗ χA·L ∞ (X,Z) * G·χA C(G) * and calculate
We end this subsection with a remark concerning the det ≥ 1 -class -property.
Remark 5.4. The statement "G X is of det ≥ 1 -class" means that for all morphisms of finite free based L ∞ (X, Z) * G-modules the determinant of the induced morphisms of Hilbert N (G X)-modules have a determinant greater than or equal to 1. This implies that for all L ∞ (X, Z) * G-morphisms of finite projective based L ∞ (X, Z) * G-modules the determinant of the induced morphisms of Hilbert N (G X)-modules have a determinant greater than or equal to 1. (Notice that using the orthogonal projection a finite projective based L ∞ (X, Z) * G-module can be considered as a direct summand in a finite free based L ∞ (X, Z) * G-module. We can extend a morphism of finite projective based L ∞ (X, Z) * G-modules to a morphism of finite free based L ∞ (X, Z) * G-modules by taking the 0-map on the other summand. This does not change the determinant of the induced morphism of Hilbert N (G X)-modules.) Since spectral calculus is compatible with restriction, we also conclude that for all morphisms of finite projective based χ A ·L ∞ (X, Z) * G·χ A -modules the determinant of the induced morphisms of Hilbert N (G X| A )-modules have a determinant greater than or equal to 1 if the standard action G X is of det ≥ 1 -class.
3.
Step: Homotopy invariance. So far, we have shown the equation
Analogously, we obtain
where C(H) 
. We obtain a finite projective based χ B · L ∞ (Y, Z) * H · χ B -chain complex f * (C(G) * ) which satisfies This finishes the proof of Theorem 5.1.
